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Entanglement dynamics of two two-level atoms in the vicinity of an invisibility cloak
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We study the entanglement between two identical two-level atoms located near an ideal model of
invisibility cloaks, by monitoring the the time evolution of the concurrence measure. We obtain the
reduced density operator of the atomic subsystem based on a canonical quantization scheme pre-
sented for the electromagnetic field interacting with atomic systems in the presence of an anisotropic,
inhomogeneous and absorbing magnetodielectric medium. It is shown that two atoms, which are
prepared initially in an unentangled state, are correlated in weak coupling regime via the sponta-
neous emission and the dipole-dipole interaction of two atoms mediated by the invisibility cloak.
We therefore find that the invisibility cloak, independent of the hidden object, works fairly well at
frequencies far from the resonance frequency of the object and the cloak, whereas near the resonance
frequency, the hidden object becoming detectable due to a sharp reduction of the concurrence.
I. INTRODUCTION
Recent progress in the development of nanofabrication
techniques has opened the possibility to create artificial
media with subwavelength building blocks have electro-
magnetic (EM) responses that give rise to fascinating
effects such as negative refraction [1–4], artificial mag-
netism [5–7], perfect absorbers [8] and hyperbolic disper-
sion [9, 10]. Such media, known as metamaterials, allow
unprecedented control over the propagation of EM fields,
which are not available to natural materials. Controlling
the EM waves at will has enabled designing a novel de-
vice that deflect light around a cloak and render objects
inside invisible. This idea, which originally proposed by
Pendry et al. [11, 12] based on transformation optics,
became more evident with the successful experimental
realizations of the cloaks at the microwave and optical
frequencies [13–15] and the carpet cloaking [16]. Such
spatial cloaks have also offered new attractive opportu-
nities in the contexts of acoustic cloaking [17–19], and
heat cloaking [20].
Recently, a lot of attempts have been made to study
the invisibility cloaks in the framework of quantum me-
chanic, and becomes an important research topic. While
efforts in this field are now mainly directed at the quan-
tum cloaking of matter waves [21–26], which requires a
proper design of the effective mass and potential of the
cloaking shell, there is other interesting possibility in the
context of the EM cloak by treating light as a stream
of photons rather than as electromagnetic waves. Prime
motivations for this come from studying the propaga-
tion of quantum states in metamaterials. For active and
some passive metamaterials, it is shown that the classi-
cal effective parameters are insufficient and an additional
effective-medium parameter is needed to correctly predict
the properties of the quantum states of light emerging
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from the metamaterials [27, 28].
Inspired by this recent work, the spontaneous decay
and its spatial distribution of the spontaneously emit-
ted light, which is a fundamental quantum property of
emitters, has been studied for an excited atom close to a
spherical invisibility cloak [29]. Since the radiative prop-
erties of an excited atom depends on both the atom and
the material environment, the relaxation to the ground
state via spontaneous emission is surely modified by the
cloaked object. On other hand, it is expected that the ra-
diation dynamics of a source in the presence of the cloak-
ing device differ drastically from what experiences in the
presence of natural materials, because of unusual prop-
erties of such devices. Hence, the spontaneous decay was
used as a probe to study the effect of the EM cloak from a
different perspective, which is absent in a classical treat-
ment. It was found that the spontaneous emission rate
can be either enhanced or suppressed sharply by the in-
visibility cloak. In this sense, this was also an appropriate
tools to determine the presence of the cloak and any ob-
jects it contained even in the weak-coupling regime [29],
but the material composition inside the cloak were not
detectable. It means that the clock behaved more like a
super-visibility device.
This was also the subject of study by a number of other
groups over the past several years. The spontaneous
emission rate of an excited two level atom and its radia-
tive dynamics is studied inside a plasmonic cloak [30, 31].
The possibility to control and manipulate the sponta-
neous emission rate of an atom with different devices de-
signed with transformation optics is investigated in [32].
The quantum entanglement is an another striking fea-
ture of quantum mechanics, which has no counterpart
in classical mechanics. It demonstrates the non-local
character of quantum mechanics and is the key phys-
ical resource in most quantum information processes
such as quantum cryptography, quantum teleportation,
and quantum computation [33–35]. Systems of two-level
atoms interacting with the fields have been one of the
important prototypes in the investigations concerning en-
2tanglement. It is also known that an environment usu-
ally leads to decoherence and noise, which may cause en-
tanglement disappear and even in certain circumstances
enhancement [36–40]. It is useful to look at the entan-
glement dynamics of a quantum system in vicinity of a
spherical invisibility cloak as a probe to gain new un-
derstanding of the EM cloak effect from a quantum per-
spective. We assume that the quantum system composed
by two two-level atoms initially prepared in a separable
state and symmetrically placed at fixed radial distances
outside the cloaked object and coupled to the EM field.
In the absence of invisibility cloak and the hidden ob-
ject, two atoms are entangled via the spontaneous emis-
sion and dipole-dipole interaction [41, 42]. Based on a
classical treatment, the combination of the cloak and the
object have the properties of free space when viewed ex-
ternally. It is of interest to see whether the dynamical
behavior of entanglement for aforementioned atomic sys-
tem differs drastically from what would experience in free
space, of course, if the cloak can hide the object success-
fully. This is what we are going to pursue in the present
paper. In the following, we consider a canonical quanti-
zation approach [43–51] to investigate the entanglement
dynamics of the atomic subsystem in the presence of the
cloaking devices.
This paper is organized as follows. In Sec. II, we
present a brief overview on the canonical quantization of
EM field interacting with charged particles in the pres-
ence of an isotropic, homogeneous, and absorbing mag-
netodielectric (MD) medium. We apply this approach to
the case of two atoms are at an equal distance from a
cloaked object. The Hamiltonian governing the interac-
tion between the atomic system, the cloaked object and
the EM field is obtained in the electric-dipole and the
rotating-wave approximation. Then, the evolution of the
system is determined by the Schrodinger equation. In
Sec. II, with the suppose of weakly interacting with the
EM field, the reduced operator of the two two-level atoms
is obtained from the complete time evolution describing
the total system by tracing over the field degrees of free-
dom. Analytical results are presented for concurrence,
which is well known and calculable measure of entan-
glement. We employ the Lorentz model to describe the
material absorption and dispersion of the cloaked object.
Then, by means of the concurrence the amount of en-
tanglement created in the atomic system is numerically
calculated during the spontaneous emission. Our con-
clusions are summarized in Sec. IV. In Appendix A, we
present briefly some details of the canonical quantization
of EM field in the presence of media. The details of the
Green’s tensor evaluation can be found in Appendix B.
II. THE BASIC RELATIONS
We consider a pair of atoms, modeled by two two-level
atoms with the dipole moments dA and dB and the tran-
sition frequencies ωA and ωB. These are located symmet-
FIG. 1. The geometry of the system. Two two-level atoms
are placed at fixed points ra and rb near a spherical invisi-
bility cloak with the material parameters ε and µ are given
by Eq. (1). The clock has inner and outer radius of b and a,
respectively, and a homogeneous and isotropic material is in-
serted to the central hollow region of the cloak, r < b, with the
electric primitivity and the magnetic permeability function εc
and µc.
rically near an ideal invisibility cloak and coupled to the
vacuum field. A sketch of the system under study can
be seen in Fig. 1. Due to the spherical symmetry of the
cloaking device, without loss the generality, we specify
the atomic system such that two atoms are placed on the
z-axis outside the cloak at the positions rA and rB.
The ideal spherical invisibility cloak can be designed
by considering a spherically symmetric transformation
optics, that maps a spherical region 0 < r < a into an
annular region b < r < a. Based on this transformation,
the material parameters of the cloak are given by [11]
ε (r, ω) = ε0 [(εr − εt)] rˆrˆ+ εtI¯, (1a)
µ (r, ω) = µ0 [(µr − µt)] rˆrˆ+ µtI¯, (1b)
where I = rˆrˆ + θˆθˆ + φˆφˆ is the unit dyad. Here, the
subscripts r and t refer to the parameters along radial rˆ
and tangential directions θˆ and φˆ, respectively, and the
permittivity and permeability tensor components for the
cloaking shell are given by
εr (r, ω) = µr (r, ω) =
b(r − a)2
(b− a)r2 κL (ω), (2a)
εt (ω) = µt (ω) =
b
(b− a)κL (ω). (2b)
It is well known that the cloaking devices are unavoid-
ably frequency dependent (i.e., dispersive) [11]. In real-
ity, finite dissipation accompanies by absorption to ful-
fill causality. Based on this dissipative property, the
3permittivity and permeability tensor components of the
invisibility cloak are multiplied by a Lorentzian factor,
κL(ω) = 1 + ω
2
p/(ω
2
0 − ω2 − iγω) [52], where in which ωp
and ω0 are respectively plasma frequency and resonance
frequency and γ is the absorbtion coefficient of the invis-
ibility cloaking. For simplicity, an isotropic and homoge-
neous MD medium is considered to specify the inserted
object in the central hole of the cloak. The material pa-
rameters of the hidden object are ε (ω) = µ (ω) = ακL(ω)
where α is a constant.
The quantized EM field interacting with the atomic
system in the presence of lossy and dispersive cloaked
object should be described in the framework of the sec-
ond quantization. Generally, the quantization scheme
of the EM field in the presence of absorbing and dis-
persive media has been carried out in two approaches:
Canonical [43–51] and phenomenological methods [53–
60]. In the present paper, we use the rigorous canonical
formalism to gain a better understanding of the mech-
anism of interaction in a microscopic level. Based on
this microscopic approach, the quantization of the EM
field in an inhomogeneous, anisotropic, dissipative, and
dispersive MD medium can be accomplished by model-
ing the medium by two independent reservoirs composed
of a continuum of three dimensional harmonic oscilla-
tors. These two independent sets of harmonic oscilla-
tors describe the polarizability and the magnetizability
characters of the MD medium and interact with the elec-
tric and the magnetic fields through a dipole interaction
term. More details concerning the total Lagrangian den-
sity of the system is provided in Appendix A. By defin-
ing the canonical conjugate momentums of system and
making use of the Lagrangian (A1), the Hamiltonian of
the whole system emerging from the canonical proce-
dure. The Hamiltonian, whose derivation can be found
in Refs. [29, 49, 50], reads in the electric dipole and the
rotating-wave approximation as follows:
Hˆ =
∑
λ=e,m
∫
d3r
∫ ∞
0
dω ~ω fˆ†λ (r, ω)fˆλ (r, ω) + (3)
∑
j=A,B
~ωj σˆjz −
∑
j=A,B
[
σ†jdj ·
∫ ∞
0
dω Eˆ(+) (rj , ω) +H.c.
]
,
where fˆe and fˆm denote two independent infinite sets of
bosonic operators, which are associated with the electric
and magnetic excitations of the system, σj = |lj〉 〈uj|
and σ†j = |uj〉 〈lj | are the lowering and raising operators
for each atom, respectively, in which |uj〉 and |lj〉 are the
upper and lower states of the atom, and dj = 〈uj | dˆk |lj〉
represents the dipolar transition matrix element. Fur-
thermore, Eˆ+ is the positive frequency part of the elec-
tric field operator expressed in terms of fˆλ and the EM
Green tensor of system in Eq. (A9).
To investigate the entanglement dynamics of the
atomic system via the spontaneous emission, we first need
to obtain the time-dependent wave function of the com-
bined system. When there is only one excitation in the
whole system and the EM field is initially at t = 0 in the
vacuum state, the wave function at time t can be written
as
|ψ (t)〉 = CuA(t) e−i(ωA−ω¯)t |{0}〉 |uA, lB〉+
CuB (t) e
−i(ωB−ω¯)t |{0}〉 |lA, uB〉+
∑
λ=e,m
∫
d3r
∫ ∞
0
dω
×Cλ,l(r, ω, t) e−i(ω−ω¯)t |1λ (r, ω)〉 |lA, lB〉 , (4)
where ω¯ =
∑
j
ωj/2, |{0}〉 is the vacuum state of the EM
field and |1λ〉 is its excited state where the field is in a sin-
gle quantum Fock state. Here, the coefficients Cuj (t) are
the probability amplitudes at time t for atom jth being in
the excited state, while the coefficient Cλ,l(r, ω, t) gives
the probability amplitude at time to find both atoms in
the ground state and a photon in the field mode λ.
Inserting the Homiltonian (3) and the wave func-
tion (4) into the Schrodinger equation and making use
of the Green’s tensor integral relation (A11), yields a set
of coupled integro-differential equations for motion equa-
tions of the probability amplitudes
C˙j(t) =
∫ t
0
dt′Kjj′ (t, t
′)Cj′ (t
′), (5)
where the memory kernel Kjj′ in term of the EM Green
tensor of the system are given by
Kjj′ (t, t
′) =
−1
πε0~c2
∫ ∞
0
dω[ω2e−i(ω−ωj)tei(ω−ω˜j′)(t−t
′)
×dj · Im[G (rj , rj′ , ω)] · dj′ . (6)
In order to facilitate the analysis, it is sufficient to
consider the simple case that two identical two-level
atoms located at opposite positions rA = −rB = rk,
such that KAA(t, t
′) = KBB(t, t
′) = K(t − t′), and the
atomic dipole moments are antiparallel to each other
and oriented along the z-axis, i.e., dA = −dB =
d kˆ. Let us introduce the symmetric and antisymmet-
ric combinations of the probability amplitudes, C± (t) =
[CuA (t)± CuB (t)] /
√
2, which are the collective symmet-
ric and antisymmetric states of the two-atom system, i.e.,
|±〉 = (|uA, lB〉 ± |lA, uB〉)/
√
2. Taking into account this
collective basis, we can recast Eqs. (5) into the decoupled
form
C˙± (t) =
∫ t
0
dt′K± (t− t′)C± (t′) , (7)
with the memory kernel
K±(t− t′) = K(t− t′)±KAB(t− t′). (8)
Equations (7) together with the kernel given by Eq. (8)
are the basic equations for studying the time evolution of
the atomic system. We can numerically find the exact so-
lution of the integro-differential equations (7). However,
there are analytical solutions in two limiting cases of the
weak and strong coupling. We concentrate our atten-
tion here on the weak coupling regime, that the Markov
4approximation applies. As a result of this approxima-
tion, the time integral in Eqs. (6) can replaced by a Zeta
function [29]. With the above approximations, we get a
familiar result that the amplitudes of the symmetric and
antisymmetric states decaying exponentially with time,
C± (t) = exp
[
(−Γ±/2 + iδ±)t]C± (0) , (9)
where Γ± = Γ ± ΓAB and δ± = δ ± δAB are, respec-
tively, the decay rates and level shifts of the symmetric
and antisymmetric states. Here, δ = δjj and Γ = Γjj are,
respectively, the Lamb shift and the spontaneous emis-
sion rate of the individual atoms, whereas δjj′ and Γjj′
for j 6= j represent the level shift induced by the dipole-
dipole coupling and the collective damping effects, and
are defined, respectively, by
δjj′ =
1
~πε0
P
∫ ∞
0
dω
ω2
c2
dj · Im [G (rj , rj′ , ω)] · dj′
(ω − ωi) ,(10)
and
Γjj′ =
2ω2i
~ε0c2
dj · Im [G (rj , rj′ , ω)] · dj′ . (11)
with P denoting the principal value. As mentioned
above, both Γjj′ and δjj′ can be evaluated from the
knowledge of the EM Green’s tensor of the system. The
EM Green’s tensor corresponding to an ideal spherical
cloak is extracted in Ref. [29]. A summary of some fi-
nal results are given in Appendix B. By making use of
Eq. (B3), the explicit expression for the diagonal z com-
ponent of the scattering part of the EM Green tensor is
written as
G
S
zz (r, r
′, ω) =
ik1µ0
4π
∞∑
n=0
n (n+ 1)(2n+ 1)
×B11N (zn (kr) /kr)2. (12)
Substituting Eqs. (12) into Eqs. (10) and (11), we obtain
the following analytical expressions for both Γ± and δ±
which are normalized to the free space decay rate [Γ0 =
ω3d2
3~piε0c3
]
Γ±
Γ0
=
6π
ω
Im
[
ik0µ0
4π
∞∑
n=0
n (n+ 1)(2n+ 1) (13)
×B11N
(
zn(kr)
kr
)2
(1∓ (−1)n)
]
,
and
δ±
Γ0
=
6π
ω
Re
[
ik0µ0
2π
∞∑
n=0
n (n+ 1)(2n+ 1) (14)
×B11N
(
zn(kr)
kr
)2
(1∓ (−1)n)
]
.
III. ENTANGLEMENT DYNAMIC OF ATOMIC
SUBSYSTEM
In this section, we study the entanglement dynamics of
the two-atom system induced by the EM field interaction
and mediated by the cloak. Owing to interaction with the
EM field, we here encounter a mixed state rather than
pure one to describe the atomic system. The entangle-
ment in a pure state can be simply calculated using the
von Neumann entropy as well as other measures, whereas
for the mixed states, the measure of entanglement is more
complicated. Despite a great deal of effort in past years,
a global criterion for multipartite entanglement does not
exist. For the simplest case of a pair of particles, there
is an elegant formula in terms of concurrence, which has
been introduced by the seminal work of Hill and Woot-
ters [61, 62].
In this paper we use the concurrence, that is the widely
accepted measure of entanglement, to characterize the
amount of entanglement between the atoms and the en-
tanglement dynamics. The concurrence is defined as fol-
lows:
C(t) = max {0, λ1 − λ2 − λ3 − λ4} , (15)
where the quantities λi are the square roots
of the eigenvalues in the matrix product ̺ =
ρA
(
σAy ⊗ σBy
)
ρ∗A
(
σAy ⊗ σBy
)
in descending order.
Here, σ
A/B
y is the y component of Pauli matrix for
atoms A and B, ρA is the reduced density matrix of the
atomic system and ρ∗A denoting the complex conjugate
of ρA. The value of the concurrence varies between 0
and 1, indicating the separable and maximally entangled
atoms, respectively.
To calculate the concurrence (15), we first need to
determine the reduced density matrix ρA. For a given
wave function |ψ〉, the reduced density operator of the
atomic system is obtained from the total density opera-
tor ρ = |ψ〉 〈ψ|, by tracing out the EM degrees of freedom.
To simplify the calculations, one can work in the basis of
collective states in the Hilbert space C2⊗C2, which con-
tains the symmetric and antisymmetric states. In this
basis, the two-atom system can be treated as a single
four-level system, with the ground state |l〉 = |lA, lB〉,
the upper state |u〉 = |uA, uB〉, and two intermediate
states |+〉 and |−〉 [42, 63]. The states |+〉 and |−〉 decay
to the two atom ground state |l〉 with the rates Γ+ and
Γ−, respectively. The eigenenergies of |±〉 states are split
by the dipole-dipole coupling. By using the wave func-
tion given in (4) and considering the collective states,
after some algebra, the reduced density operator for the
two-atoms system is given by
ρA = |C+|2|+〉〈+|+ |C−|2|−〉〈−|
+C+C
∗
−|+〉〈−|+ C−C∗+|−〉〈+|
+(1− |C+|2 − |C−|2)|l〉〈l|. (16)
Following the definition of the concurrence (15) and using
above equation, we find that the concurrence in terms of
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FIG. 2. The time evolution of the concurrence C as a function of a dimensionless parameter Γ0 t for the case that the two-atom
system is placed in free space (solid blue line), in vicinity of the clacked object (dash-dotted green line) and near the object
alone (dashed red line). Time evolution of the population |c+|
2 + |c−|
2 is represented by the solid cyan curve (free space), the
dashed black curve (with the cloaking shell) and the dot-dashed purple line (without cloaking shell). The two identical atoms
located at diametrically opposite positions rω0/c = 4.7. The material absorbtion of the central hidden object and the cloak are
described by the Lorentz model with parameters: α = 1.3, ωp/ω0 = 0.1. In panels (a) and (b) γ/ω0 = 0.01, and in panel (c)
γ/ω0 = 0.1. The inner and outer radius of the cloaking shell [panels (a) and (c)] are bω0/c = 3 and aω0/c = 4.5, respectively,
and the radius of the object without cloak in panel (b) is bω0/c = 4.5. The atoms are nonresonant with the cloak ω/ω0 = 0.1,
and initially prepared in the state |uA, lB〉. The inset shows the time evolution of C and the populations of states |+〉 (solid
yellow line) and |−〉 (solid brown line) in the presence of the cloaked object.
the populations of states |+〉 and |−〉 is written as
C(t) = 1
2
√
(e−Γ+t + e−Γ−t)
2 − 4e−2Γt cos2(2 δABt). (17)
Here we assumed that the atomic system is initially pre-
pared in the unentangled state |uA, lB〉, i.e. two symmet-
ric and antisymmetric states are initially equally excited.
The first term on rhs of Eq. (15) associated with the
population sum of states |±〉 and exhibits an exponential
relaxation of C, whereas the second term represents an
oscillatory behavior when the dipole-dipole coupling δjj′
is sufficiently stronger than the damping rate Γ.
In what follows, we present the results of our numerical
calculations pertaining to the concurrence (15) to study
the entanglement dynamic of the two-atom system near
the cloak. For all of our calculations we take the material
and geometrical parameters of the constructed cloak in
Ref. [13] with the inner radius b = 3c/ω0 and outer radius
a = 4.5c/ω0.
In Fig. 2, the time evolution of the concurrence is plot-
ted as a function of the dimensionless parameter Γ0 t for
two different configurations when the atomic transition
frequencies are far from the cloak resonance ω = 0.1ω0
and the absorbtion is weak. In case 1, the influence of
the central hidden object alone on the entanglement of
the two-atom system is represented by the dashed red
line, while in case 2, the results for the combination of
the cloak and object is depicted by the dot-dashed green
line. For more clarification, our results are also com-
pared to the solid blue line when the two atoms are in
free space.
In panel (a), a general behavior is observed for all
curves: we see that C is zero at the initial time t = 0.
This is as it should be, since the initial state of the atomic
system was prepared in the unentangled state |uA, lB〉.
As time progresses, the concurrence shows an oscillatory
behavior followed by a very slow decay. This oscillatory
behavior, which is observed at times shorter than 2Γ−10 ,
can be easily understood from the dominant contribution
of the oscillatory term in Eq. (15). The oscillations are
with the frequency 2δAB, which is equal to the separation
of the symmetric and antisymmetric states. The oscilla-
tions are also bounded from above by upper envelopes,
which are given by the time evolution of the population
sum |c+|2 + |c−|2. The time evolution of the population
sum in the presence and the absence of the cloak, and in
free space, respectively, are presented by the dot-dashed
purple, the dotted black and the solid cyan line. We do
not depict here the time variation of the population dif-
ference |c+|2−|c−|2, which appear as lower envelopes for
oscillations, to avoid the plots overcrowding.
After the time 2Γ−10 , the time evolution of the popu-
lations of two states |±〉 play a pivotal role in the evalu-
ation of C, due to the significant contribution of the first
term in Eq. (15). These states are equally populated
initially, but for small atoms-cloak distance and the ma-
terial parameters are used here (see caption of Fig. 2), the
values of Γ+ and Γ− are different from each other, such
that the antisymmetric state (see the solid brown line in
inset) decay much faster than the symmetric state (see
the solid yellow line in inset). Consequently, for times
longer than 2Γ−10 , the concurrence is only determined by
the time evolution of the symmetric state, and hereby
some entanglement observes for longer times. Finally,
the concurrence tends to zero when the symmetric state
is depopulated in the limit of very long time. It is worth
noting that the values of Γ+ and Γ− at large atoms-cloak
distance, not shown here, tend to the free space rate and
all curves coincide on the free space case.
It can be easily discerned from Fig. 2 (a) that the ef-
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FIG. 3. The time evolution of the concurrence C as a function of a dimensionless parameter Γ0 t. In panel (a) the inner and
outer radius of the cloaking shell is bω0/c = 3 and aω0/c = 4.5, respectively, and in panel (b) the radius of the object without
cloak is bω0/c = 4.5. The material parameters of the cloaking shell and the hidden object are identical to those used in Fig. 2
(a).
fect of the cloaked object on the concurrence appears
as a slight reduction in amplitude of the oscillation, so
that the value of C at the first maximum is nearly 0.7,
which is lower than the corresponding value for free space
equal to 0.8, and then followed by a very fast decay as
compared to free space, These behavior comes from the
modification of Γ± results from the variation of ΓAB in
presence of the cloak and leads to the symmetric state
decays much faster than that in the free space. Despite
of this amplitude reduction, in the absence of the cloak,
the concurrence experiences a small variation on the fre-
quency of the oscillations. Recalling Eq. (10), it is easy
seen that the dipole-dipole coupling δAB depends on the
material environment, and the distance of the two atoms
through the EM Green tensor of the system. Interest-
ingly, the time variations of δAB show no changes in the
presence of the cloak and beyond its resonance frequency
(not shown here), while undergoing variations in the ab-
sence of the cloak.
As can be seen when comparing the dot-dashed green
line to the dotted red line in Fig. 2(a), the amplitude
reduction in this two configurations is almost the same,
while the distance of the atoms from the cloak in the
case 2, and from the object alone in the case 1 are not
equal. One might reasonably ask whether this behavior
is a result of unusual electromagnetic properties of the
cloaking material. To answer this question we have plot-
ted in Fig. 2(b) the time evolution of C for the case that
a larger object with radius bω0/c = 4.5 and the same
material parameters indicated in Fig. 2 (a), is placed be-
tween the two atoms. One can see that the amplitude
of the concurrence decreases with increasing the radius
of the MD object and finally disappears very fast with
the time evolves. This is in big contrast with the case 2
that the cloaking shell is present. Hereby, by monitoring
the entanglement dynamic of the two-atoms system at
small atoms-cloak distance we can say that the perfor-
mance of the cloaking device to hide the object is rather
satisfactory.
In Fig. 2(c), the results of Fig. 2(a) have been re-
peated for a MD object with the absorbtion coefficient
γ/ω0 = 0.1. The time evolution of C shows a similar dy-
namic behavior compared to what observed in Fig. 2(a).
With the absorbtion coefficient risen to γ/ω0 = 0.1, the
effect of loss in reducing the entanglement of two atoms
is perceptible, such that the value of C at the first max-
imum reduced to 0.4. No significant differences is ob-
served when the object alone is present because the small
loss plays no roll at large atoms-object distance. Fig. 2(c)
shows that the loss degrades the cloaking performance.
Although it is still effective which is unavoidable because
the transition frequency of two atoms is far from the cloak
resonance and the absorption is still small.
In Fig. 3 (a), the time evolution of C is depicted as a
function of a dimensionless parameter Γ0 t for two differ-
ent configuration considered in Fig. 2, but the two atoms
are at resonance with the cloak shell ω = ω0. In all
three cases, the concurrence reaches much lower maxi-
mum values than the nonresonance cases and then de-
cays exponentially to zero. The maximum values of the
concurrence in these cases are 0.001, 0.041 and 0.012 in
the presence of the cloak shell (dash-dotted green), in the
presence of the object alone (dashed red line) and in free
space (solid blue line), respectively. What is clear from
these curves, there are no oscillations at short times as
a consequence of the significant reduction of the dipole-
dipole coupling δAB at resonance frequency.
With the high loss that occurs at resonance frequency,
the cloaking shell absorbs the spontaneously emitted pho-
ton before it exits the cloak. We thus expect that a
lossy cloak would decrease the amount of entanglement
created between two atoms. This is precisely what the
dash-dotted green line show. Unlike to this case, the con-
currence in the absence of the cloaking shell experiences
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FIG. 4. The time evolution of the concurrence C as a function of a dimensionless parameter Γ0 t for (a) ω/ω0 = 0.1, and (b)
ω = ω0. The atoms are resonant with the cloak ω/ω0 = 1, and initially prepared in the state |uA, lB〉. The geometrical and
the material parameters of the cloaking shell and the hidden object are identical to those used in Fig. 2 (a).
a little enhancement compared to the free space case, due
to large distance of the atoms from the object. However,
it is interesting when a bigger object with a radius equal
to the outer radius of the cloaking shell, bω0/c = 4.5,
is placed between two atoms [see Fig. 3(b)]. Similar to
that case the object surrounded by the cloaking shell,
some small entanglement observes on a short timescale
of order 0.2Γ−10 . The maximum value of the concurrence
in this case is 0.001, which is much too small due to the
dissipative nature of the object.
The effect of different hidden objects inside the cloak-
ing shell on the entanglement degree of the atomic system
is illustrated in Fig. 4. The different objects enter to our
calculations by attributing different values to the factor α
of the material parameters. In Fig. 4 (a), in the absence
of the cloak and nonresonance case, the oscillation am-
plitude of C decreases and then decays very fast to zero
by changing the constant factor α from 1.3 to 1.9. For
α = 1.3, the value of the concurrence at the maximum
is 0.7, which is higher than the corresponding value for
α = 1.9 equal to 0.57. At resonance case and without
the cloak shell, the amplitude of C increases slightly and
then decays exponentially to zero (see Fig. 4 (b)). In this
case, the concurrence reaches maximum values of 0.041
and 0.044 for α = 1.3 and α = 1.9, respectively. When
the cloak shell is present, the dot-dashed green and yel-
low lines in both resonance and nonresonance cases show
no changes with increasing the constant factor α from 1.3
to 1.9. In agreement with the classical results, this shows
that the performance of the cloak shell is independent of
the object to be cloaked.
IV. CONCLUSION
In this paper, we have examined the entanglement be-
tween two mutually independent two-level atoms at a
fixed radial distance outside an invisibility cloaking shell
which surrounded a hidden object. We treat the two-
atom system as a quantum system in a bath of fluctu-
ating quantized EM field in vacuum. We have derived
an analytical expression for the probability amplitudes
of the atomic states in weak coupling regime when ini-
tially only one atom is excited. On this base, the reduced
density operator of the atomic system is obtained. To
quantify the amount of entanglement induced by the EM
field interaction and mediated by the cloaking shell, we
adopted the concurrence as a good entanglement mea-
sure for 2 × 2 quantum states. In agreement with the
classical results, we found that the effect of the cloaking
on the entanglement is independent of the hidden object
inside the cloak. Sufficiently far from the cloak when the
loss is small, the entanglement appears for long times.
This is because of the slow decaying of the symmetric
state. It is seen that the amount of entanglement in the
presence of the cloak exhibits a small change in ampli-
tude compared to the case that the atoms were in free
space. In contrast to the nonresonance case, the amount
of entanglement decreases strongly due to the presence
of the lossy cloaking shell. Therefore, the combination
of the cloak and the object can be easily detected by
monitoring the entanglement between the two atoms at
resonance case.
Appendix A: Canonical quantization of EM field
The canonical formalism for quantization of the EM
field interacting with charged particles in a lossy and dis-
persive MD medium has been carried out previously. We
give here only the essentials needed to understand the
present paper. We start from the total Lagrangian den-
sity of the system composed of the EM field, the external
charged particles, the MD medium and their interactions
8with each other [29]
L = 1
2
∑
α
mαr˙
2
α +
1
2
ε0A˙
2(r, t)− 1
2µ0
(∇×A(r, t))2
+
1
2
∫ ∞
0
dω
{
X˙2ω(r, t)− ω2X2ω(r, t)
}
+
1
2
∫ ∞
0
dω
{
Y˙2ω(r, t)− ω2Y2ω(r, t)
}
+
∑
α
eαr˙α ·A(rα, t) +A · P˙(r, t) +M · ∇ ×A(r, t)
−Wcoul, (A1)
where first term is the Lagrangian of free charged par-
ticles with particles mass mα and position rα, the sec-
ond and third terms is the electromagnetic part which
is expressed in term of the vector potential A, the sec-
ond and third lines are the electric and the magnetic
parts of the MD medium which are modeled by a contin-
uum of harmonic oscillators with two fields Xω and Yω,
the fourth line is the interaction part which included the
linear interaction between the medium and the charged
particles with the EM field. Here, P and M are the po-
larization and magnetization fields of the medium, and
Wcoul is the Coulomb energy of the charged particles,
the polarization-charge and their interactions. The La-
grangian (A1) can now be used to obtain the correspond-
ing canonical conjugate variables for the dynamic vari-
ables
−ε0E⊥(r, t) = δL
δA˙(r, t)
= ε0A˙(r, t), (A2a)
Qω(r, t) =
δL
δX˙ω(r, t)
= g¯e ·A(r, t) + X˙ω(r, t), (A2b)
Πω(r, t) =
δL
δY˙ω(r, t)
= Y˙ω(r, t), (A2c)
pα =
∂L
∂r˙α
= mαrα + eαA(rα, t). (A2d)
The transition from the classic to the quantum domain
can be done in a standard fashion by applying commu-
tation relation on the variables and their corresponding
conjugates. For the EM and material fields, we have[
Aj(r, t),−ε0E⊥j′ (r′, t)
]
= i~δjj′δ
⊥(r− r′), (A3a)
[Xωj(r, t), Qω′j′(r
′, t)] = i~δjj′δ(r− r′)δ(ω − ω′),(A3b)
[Yωj(r, t),Πω′j(r
′, t)] = i~δjj′δ(r− r′)δ(ω − ω′),(A3c)
[qα, pβ] = i~δαβ. (A3d)
To facilitate the calculations, we introduce the following
annihilation operators:
fe(r, ω, t) =
1√
2~ω
[−iωXω(r, t) +Qω(r, t)] , (A4a)
fm(r, ω, t) =
1√
2~ω
[ωYω(r, t) + iΠω(r, t)] ,(A4b)
where fe and fm denote two independent infinite sets
of bosonic operators, which associated with the electric
and magnetic excitations. By making use of Eqs. (A3b)
and (A3c), these operators satisfy the simple boson com-
mutation relation[
fλj (r, ω) , f
†
λj′ (r
′, ω′)
]
= δjj′δ (r− r′) δ (ω − ω′) ,
[fλj (r, ω) , fλj′ (r
′, ω′)] = 0. (A5)
By applying the Lagrangian (A1) and the canonical
conjugate variables (A2), we can form the Hamiltonian
of the system. In the electric-dipole and rotating wave
approximation, the Hamiltonian of the system is reduced
to Eq. (3). The Heisenberg equations of motion for dy-
namical variables of the system are obtained by making
use of the Hamiltonian (3) and the commutation rela-
tions (A3). These equations for the vector potential and
the transverse electric field lead to a quantum version of
the Maxwell equations and Lorentz-force law [29, 47, 50].
With the usual decompositions of the fields into positive
and negative frequency components and the frequency-
space Fourier transform of the fields, the Maxwells equa-
tions in combination with the constitutive equations re-
duce to the wave equation
∇× µ¯−1 (r, ω)∇×E(+) (r, ω)
−ω
2
c2
ε¯ (r, ω)E(+) (r, ω) = iωµ0j
N(+) (r, ω) , (A6)
where ε¯ and µ¯ are the electric permittivity and the mag-
netic permeability tensors of the medium, respectively,
and jN(+) is the positive frequency part of the noise cur-
rent density associated with the noise sources in the MD
medium. The noise current density operator jN(+) is re-
lated to the noise polarization and the noise magnetiza-
tion operators as
jN(+) (r, ω) = −iωPN(+) (r, ω) +∇×MN(+) (r, ω) ,
(A7)
where
PN(+)(r, t) = i
∫ ∞
0
dω
√
~
2ω
g¯e(r, ω) · fe (r, ω, 0) e−iωt,
MN(+)(r, t) =
∫ ∞
0
dω
√
h
2ω
g¯m(r, ω) · fm (r, ω, 0) e−iωt.
(A8)
The solution of Eq. (A6) for the electric field operator
is obtained by standard Green tensor methods in the form
E(+) (r, ω) = iωµ0
∫
d3rG (r, r′, ω) · jN(+) (r′, ω) ,(A9)
where G(r, r′, ω) is the EM Green tensor satisfying the
Helmholtz equation
∇× µ¯−1 (r, ω)∇× G (r, r′, ω)
−ω
2
c2
ε¯ (r, ω)G (r, r′, ω) = δ (r− r′) I¯, (A10)
9together with the boundary condition G(r′, r, ω)→ 0 for
|r−r′| → ∞. In particular, the Green tensor satisfies the
integral relation [59]
∫
d3s Im
[
µ¯−1(s, ω)
] [
G(r, s, ω)×←−∇s
] [−→∇s × G∗(s, r′, ω)]
+
ω2
c2
Im [ε¯(s, ω)]G(r, s, ω)G∗(s, r′, ω) = Im [G(r, r′, ω)] .
(A11)
Appendix B: Green tensor of the system
The calculation of the EM Greens tensor of an ideal
spherical cloaking shell which enclosed an arbitrary ob-
ject has been carried out previously in Ref.[29]. With
regards to the fact that the two-atom system is located
in free space outside the cloaking shell, the observation
point r and the source point r′ are also outside the cloak-
ing shell. Therefore, based on the method of scattering
superposition, the EM Green tensor of the system outside
the cloaking shell can be decomposed into two parts
G (r, r′, ω) = GV (r, r′, ω) + GS (r, r′, ω) , (B1)
where GV and GS are, respectively, the vacuum and scat-
tering contribution of the Green tensor. These two con-
tributions under the spherical coordinate system can be
expressed as follows:
G
V (r, r′, ω) =
−rˆrˆ
ω2ε0
δ(r − r′) + ik1µ0
4π
∞∑
n=0
∞∑
m=0
Dm,n
×


M
(1)
e
omn
(k1)M
′(1)
e
omn
(k1) +N
(1)
e
omn
(k1)N
′(1)
e
omn
(k1),
r ≥ r′,
Me
omn(k1)M
′(1)
e
omn
(k1) +Neomn(k1)N
′(1)
e
omn
(k1),
r ≤ r′,
,
(B2)
and
G
S (r, r′, ω) =
ik1
4π
∞∑
n=0
n∑
m=0
(
2− δ0m
) 2n+ 1
n (n+ 1)
(n−m)!
(n+m)!
×
[
B11M M
(1)
e
omn
(k1)M
′(1)
e
omn
(k1) +B
11
N N
(1)
e
omn
(k1)N
′(1)
e
omn
(k1)
]
.
(B3)
Here M
(1)
e
omn
(k1) and M
(1)
e
omn
(k1) are the spherical vector
wave functions and defined as
M
(1)
e
omn
(k1) = ∓ m
sin θ
zν (k1r)P
m
n (cos θ)
(
sinmφ
cosmφ
)
θˆ
−zν (k1r) dP
m
n (cos θ)
dθ
(
cosmφ
sinmφ
)
φˆ,
N
(1)
e
omn
(k1) =
ν(ν + 1)
k1r
zν (kr)P
m
n (cos θ)
(
cosmφ
sinmφ
)
rˆ
+
1
k1r
d [rzν (k1r)]
dr
dPmn (cos θ)
dθ
(
cosmφ
sinmφ
)
θˆ
∓ 1
k1r
d [rzν (k1r)]
dr
m
sin θ
Pmn (cos θ)
(
sinmφ
cosmφ
)
φˆ,
with ν =
√
n(n+ 1)εt/εr + 1/4 − 1/2, k1 = ω/c and
kt = ω
√
εtµt/c. By imposing the boundary conditions at
the surface of the cloaking shell, the unknown coefficients
in Eq. (B3) are given by
B11M,N = −
TH,VF1 R
H,V
F1 + T
H,V
F1 R
H,V
F2
TH,VF1 + T
H,V
P1
, (B4)
where the superscript F and P stand for the centrifu-
gal and centripetal waves, and the TE and TM waves
are represented by the subscripts H and V , respectively.
The reflection and transition coefficients RH,VF,P and T
H,V
F,P
introduced in Eq. (B4) are defined as
THF1 =
η1µ1k2 (∂ℑ2~2 −ℑ2∂~2)
µ1k2∂ℑ2~1 − µ2k1ℑ2∂~1 ,
T VF1 =
η1µ1k2 (ℑ2∂~2 − ∂ℑ2~2)
µ1k2ℑ2∂~1 − µ2k1∂ℑ2~1 ,
T VP1 =
η1µ1k2 (∂ℑ2~2 −ℑ2∂~2)
µ1k2∂ℑ1~2 − µ2k1ℑ1∂~2 ,
THP1 =
η1µ1k2 (∂ℑ2~2 − ∂ℑ2~2)
µ1k2ℑ1∂~2 − µ2k1∂ℑ1~2 , (B5)
RHF2 =
µ2k3∂ℑ3ℑ2 − µ3k2∂ℑ2ℑ3
µ2k3∂ℑ3~2 − µ3k2ℑ3∂~2 ,
RVF2 =
µ2k3ℑ3∂ℑ2 − µ3k2ℑ2∂ℑ3
µ2k3ℑ3∂~2 − µ3k2∂ℑ3~2 ,
RVF1 =
µ1k2ℑ2∂ℑ1 − µ2k1ℑ1∂ℑ2
µ1k2ℑ2∂~1 − µ2k1∂ℑ2~1 ,
RHF1 =
µ1k2∂ℑ2ℑ1 − µ2k1∂ℑ2ℑ1
µ1k2∂ℑ2~1 − µ2k1ℑ2∂~1 .
Here, the following parameters have been used in
Eq. (B5) to simplify the symbolic calculations
ℑ1,3 = jn (k1,3r) ,
ℑ2 = jn(kt(r − b)),
~1 = h
(1)
n (ktr) ,
~2 = h
(1)
n (kt(r − b)) ,
∂ℑ1,3 = 1
ρ
d [ρjn (ρ)]
dρ
|ρ=k1,3r,
∂ℑ2 = 1
ρ
d [ρjn (ρ)]
dρ
|ρ=kt(r−b),
∂~1 =
1
ρ
d
[
ρh
(1)
n (ρ)
]
dρ
|ρ=k1r,
∂~2 =
1
ρ
d
[
ρh
(1)
n (ρ)
]
dρ
|ρ=kt(r−b),
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where jn and h
(1)
n are, respectively, the spherical Bessel
function and the spherical Hankel function of the first
kind, and we have the subscript 1, 3 and 2 for outside the
cloaking shell, inside the object, and inside the cloaking
shell, respectively.
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